Statistique pour Mathématiciens - Introduction

1 Probability Space and Probability measures

o Aset Q#10

- w € () elementary events
- subsets I C Q: events
- F CP(R): sample space
e A probability measure is a function P : F — [0, 1] such that
(i) P(Q) =1,

(ii) For every disjoint collection of events (F},),>1 in F

P (U Fn> - ;P(Fn).

n>1

o O ={wy,...,w,} finite space, G = {wy,,...,w;, } € P(2) event,

P(G)= ) P{w;}).

Jiw; €G

1.1 Conditional Probability, Independence

o Let G,H € Fwith P(H) >0

- Conditional probability P(G|H) = =550
o Let G,Hl, H, ... € Q, Hi{, H,... diSjOiIlt, P(Hz) >0, U H;, = Q,

- law of total probability: P(G) = .2, P(G|H;)P(H;)



- Bayes theorem: P(H,|G) =P(H; N G)/P(G) = Zgﬁ;([g\)lﬂ;f)[é’j()m)

e Theevents G1, G, - - - € G are independent iff for any finite sub-collection G

P(G“ NN le) = P(Gzl) X P(Gw) X ... X P(G2k>

2 Random Variables

A random variable is a function X : Q — R such that Vz € R

{weQ: X(w)<z}eF.

F(z) =P(X < x).

Properties of the distribution function:
(i) z<y = F(z) < Fy)
(i) lim, oo F(z) =1, lim,, o F(x) =0

(ili) limy, sz, F(y) = F(z), that is, F' is right-continuous.

Consider the set Dp = {x € R: F(z) — F(z~) > 0}

- If P({X € Dp}) =1 then X is a discrete random variable.
- If Dy = 0 then X is a continuous random variable.

- Note that r.v. could be neither continuous or discrete (mixed r.v., ..

2.1 Density

e Discrete case:

The density function of a discrete r.v. X is f : R — R defined via

- Px(G) =P(X € G) =>_,,ec ;)

URREE

The distribution function of a random variable X is F': R — R defined as

).
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- F(.CU) = Ej:xj<m f(xj)
- Fx(z) piecewise constant with possible jumps at x1, zo, . ..
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e Continuous case:
The distribution function F' of a continuous random variable admits density function

if there exists f: R — R, such that
b
- [t

- P(G) =P(X Q)= [, f(
- F(z) = [ f(z)d

- F(z) continuous

- () = G F(x)
f(z) # ( =z)=01l

- Can be f(z) > 1 for some x. In fact, f can be unbounded!

Random Vectors

e Equivalent definitions of a random vector X = (Xi,..., Xy)7

- a vector of random variables defined on the same space €2

- a random variable with values in R%,

e Joint distribution function:

FX(.Tl,.--,.fEd) :]P(Xl lew")Xd Sxd)

e Joint density:

- discrete:
fx(l’l,...,l‘d) :P<X1 :.Z'l,...,Xd :.T,'d>



- continuous:

T T4
Fx(xl,...,xd):/ / fx(uy, ... ug)duy ... dug
8d

fX(Ilw"a:L‘d) FX(:L'l,...,.T}d)

- oxy...0x4

3.1 Marginal Distributions

o fx, : R — R, defined via

- Discrete case:

fXZ<.T,L> :]P)(Xl:l'l) :ZZZZf(xl,,xl,l,:cl,xlﬂ,,:cd)

Ti—1 Ti+1 Td

- Continuous case:
in (l"z) = / .- / f(yb ey Yim 1, Ty Yig 1, - 7yd)d?/1 .- -dyi—ldyi-i-ldyd-

e Marginals DO NOT determine the joint distribution

3.2 Independence

e Xi,..., X, (discrete or continuous) are independent iff V collection of intervals G; C
R,...,G, CR,

P{X, € Gy,.... X, € G} = [[P{X; € Gi}.
- X1,..., Xy are independent iff for all z1,...,24 € R
Fix,,..xp@1,...,2q) = Fx,(21) X ... X Fx,(zq)
- (if densities exist) X7, ..., Xy are independent iff

fixa,, Xd)(l”l,---,l"d) = fx,(w1) X ... X fx,(2q)



4 Expectation, Variance, Covariance

e Expectation:

For continuous variables:

For discrete variables:

E[X] = ij flx;) = Z%]P’(X = x;).

Linearity: E[X; + aX,] = E[X;]| 4+ oE[X5)].
- E[h(2)] = 32, h(2;)P(X = ;) (discrete)

or

E[h(z)] = [z h(z)f(x)dz (continuous).

Variance

Var(X) =E [(X — E(X))*] (if E[X?] < 00)
e Covariance between X; and X,

Cov(X1, Xz) = E[(X; — E(X)))(Xs — E(Xy))] (if E[X7] < 00).

Correlation between X; and X,

Cov (X7, Xs)
\/ Var(X;)Var(X,)

Corr(Xy, Xp) = e[-1,1].

Expresses the degrees of linear dependency.

Useful formulae:

Var(X) = E[X?] — (E[X])? = Cov(X, X)
Var(aX + b) = a*Var(X)

Var(Zi X;) = Zz Var(X;) + Zi;ﬁj Cov(X;, Xj)
Cov(Xy, Xa) = E[X, Xs] — E[X,]E[Xy)]
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- Cov(aX; +b0X5,Y) = aCov(Xy,Y) 4+ bCov(Xs,Y)
o if E[X?] + E[XJ] < oo, then the following are equivalent:

- E[X, X, = E[X,]E[X)]
- Cov(X1,X3) =0
- Var(X; + X,) = Var(X;) + Var(Xy)

Independence implies this, but the converse does not hold!

5 Moments
e The moment of order k of a random variable X is E[X*] (if E[|X*|] < 00).
e Moment generating function: My : R — R U {oo} defined by
Mx(t) = E[e'¥].

- If Mx(t) exists and is finite for || < b for some b > 0 then E[X*] = M)(f)(O)

- The moment generating function identifies the distribution,
i.e. Mx(t) = My (t) < oo around a neighbourhood of 0 = Px =Py

- If X and Y are independent then Mx.y(y) = Mx(y) My (y).



